LOGISTIC MAP:

X, =l-ax’ (0<a<2; —1<x <1;¢=0,1,2,...)
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We verify

K, =/ (Pesin-—like identity)

where

5,(2)
[

]{1 = hme

and

Ax(t) vy

E(t) = 1imAx(0)—>O Ax(0) —



(weak chaos, i.e., zero Lyapunov exponent)
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It can be proved that
K,=A, (q—generalized Pesin—like identity)

where
S (t
qulimt%msup{ o{ )}
l
and
~ Ax () A4t
s(1)= SuP{hmAx(oHoA (O)} €y
with
11 1 he i AZL
l-qg o, o, In2 "o l-gq
R B e e CR R
1-g(2)  @py(2) O (2) In2

M.L. Lyra and C. Tsallis, Phys Rev Lett 80, 53 (1998)



EDGE OF CHAOS OF THE LOGISTIC MAP:
(Using result in http://pi.lacim.ugam.ca/piDATA/feigenbaum.txt)_

In2
q=1-
In o,

0.2444877013412820661987704234046804052344469354900576736703650
986327749672766558665755156226857540706288349640382728306063600
193730331818964551341081277809792194386027083194490052465813521
503174534952074940448165460949087448334056723622466488083333072
142318987145872992681548496774607864821834569063370205946820461
899021675321457546117438305008496860408846969491704367478991506
016646491060217834827889993818382522554582338038113118031805448
236757944990397074395466146340815553168788535030113821491411266
246328940130370152354936571471269917921021622688833029675405780
630706822368810432015790352123740735444602970006055250423142028
089193578811239731977974844235152456040926446709579570304658614
129566479666687743683240492022757393004750895311855179558720483
992696896827555852445024436526825609423780128033094877954403542
524859043379761802711830004573585550738941136758784400629135630
421674541694092135698603207859088199859359007319336801069967496
707904456092418632112054130547393985795544410347612222592136846
219346009360... (1018 meaningful digits)
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LOGISTIC MAP AT THE EDGE OF CHAOS:
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U. Tirnakli, C. T. and C. Beck, Phys Rev E 79 (2009) 056209



EDGE OF CHAOS OF THE LOGISTIC MAP:

-

qsensitivily — qentropy

q - triplet <

qrelaxation

L qstationar_’y state

hence

CONJECTURE:
E

relaxation

+ &

sensitivity

=&

sensitivity

E
hence

—1

_ qrelaxation

qstationary state 1 .
qsensitivily

N.O. Baella (2010)]

0.244487701341282066198...

2.249784109...

1.65+0.05

qsens < 1 < qstat < qrel

Stationary state

=1.65424...



z-LOGISTIC MAP:

[U.M.S. Costa, M.L. Lyra, A.R. Plastino and C.T.,
Phys. Rev E 56, 245 (1997)]
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Nonequilibrium Probabilistic Dynamics of the Logistic Map at the Edge of Chaos

Ernesto P. Borges,l’2 Constantino Tsallis,! Garin E J. Afiafios,”* and Paulo Murilo C. de Oliveira*

'Centro Brasileiro de Pesquisas Fisicas, Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro, RJ, Brazil
2Escola Politécnica, Universidade Federal da Bahia, Rua Aristides Novis 2, 40210-630 Salvador, BA, Brazil
3Departamento de Fisica, Universidad Nacional de Trujillo, Avenida Juan Pablo II, s/n, Trujillo, Peru
*Instituto de Fisica, Universidade Federal Fluminense, Avenida Litordnea s/n, Boa Viagem, 24210-340, Niteroi, RJ, Brazil
(Received 16 March 2002; published 5 December 2002)

We consider nonequilibrium probabilistic dynamics in logisticlike maps x,.; = 1 — alx,|?, (z > 1) at
their chaos threshold: We first introduce many initial conditions within one among W >> 1 intervals
partitioning the phase space and focus on the unique value g, < 1 for which the entropic form §, =
(1 =3, pH/(g — 1) linearly increases with time. We then verify that S, (z) — S,_ (o) vanishes like
t~VlaW)=1] 14 (W) > 1]. We finally exhibit a new finite-size scaling, g(00) — gpey(W) x W™ 14seal
This establishes quantitatively, for the first time, a long pursued relation between sensitivity to
the initial conditions and relaxation, concepts which play central roles in nonextensive statistical
mechanics.
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VOLUME 93, NUMBER 2 9 JULY 2004

Ensemble Averages and Nonextensivity at the Edge of Chaos of One-Dimensional Maps

Garin E J. Afiafios!*? and Constantino Tsallis!*?

YCentro Brasileiro de Pesquisas Fisicas, Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro, Rio de Janeiro, Brazil
’Departamento de Fisica, Universidad Nacional de Trujillo, Avenida Juan Pablo II, s/n, Trujillo, Perii
3Santa Fe Institute, 1399 Huge Park Road, Santa Fe, New Mexico 87501, USA
(Received 14 January 2004; published 7 July 2004)

Ensemble averages of the sensitivity to initial conditions £(z) and the entropy production per unit
of time of a new family of one-dimensional dissipative maps, x,.; =1 — ae” "/ ll*(z > 0), and
of the known logisticlike maps, x,.; = 1 — a|x,|?(z > 1), are numerically studied, both for strong
(Lyapunov exponent A; > 0) and weak (chaos threshold, i.e., A; = 0) chaotic cases. In all cases
we verify the following: (i) both (In &) [In,x = (x!77 —1)/(1 — q); Injx = Inx] and (S,)[S, =
1-=3,pH/(g—1); S; = —=3,;pilnp;] linearly increase with time for (and only for) a special value
of g, i, and (ii) the slope of (In, &) and that of (S,) coincide, thus interestingly extending the well
known Pesin theorem. For strong chaos, g2, = 1, whereas at the edge of chaos ¢ (z) < 1.



ANOTHER ONE-DIMENSIONAL DISSIPATIVE MAP:.

X, = 1 —ae YVl (z>0:a €]0,a*(2)]:

‘xfl = 1)1

where a®(z) depends slowly from z [e.g.. a™(0.5) = 5.43].
We address here only z = z.=0.4, z. being the value
above which the attractors are topologically 1somorphic
(see Fig. 1) to those of the logistic map. In fact, one

G.F.J. Ananos and C. T., Phys Rev Lett 93, 020601 (2004)
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The Predicted Abundances for the BBN Primordial Light Elements®

Nuclide Coc et al. (2012)  Cyburt et al. (2016)  Bertulani et al. (2013) This work Observation
g=1 (g=1) (g=1 g=1 g=1069 ~ 1.082
“He 0.2476 0.2470 0.249 0.247 0.2469 0.2561 + 0.0108 (Aver et al. 2010)
D/H(x107°) 2.59 2.58 2.62 2.57 3.14 ~ 3.25 3.02 + 0.23 (Olive et al. 2012)
*He/H(x107°) 1.04 1.00 0.98 1.04 1.46 ~ 1.50 1.1 + 0.2 (Bania et al. 2002)
"Li/H(x107'%) 524 4.65 4.39 523 1.62 ~ 1.90 1.58 + 0.31 (Sbordone et al. 2010)
Theory with g =1 -2 5.23
LITHIUM Theory with 1.069 < q <1.082 - 1.62 -1.90
Observation

1.58 +-0.31
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PRL 106, 140601 (2011) PHYSICAL REVIEW LETTERS 8 APRIL 2011

Nonlinear Relativistic and Quantum Equations with a Common Type of Solution

E.D. Nobre,!** M. A. Rego-Monteiro,! and C. Tsallis'?
'Centro Brasileiro de Pesquisas Fisicas and National Institute of Science and Technology for Complex Systems,
Rua Xavier Sigaud 150, 22290-180 Rio de Janeiro—RJ Brazil
2Santa Fe Institute, 1399 Hyde Park Road, Santa Fe, New Mexico 87501, USA
(Received 25 October 2010; published 4 April 2011)

Generalizations of the three main equations of quantum physics, namely, the Schrodinger, Klein-
Gordon, and Dirac equations, are proposed. Nonlinear terms, characterized by exponents depending on an
index ¢, are considered in such a way that the standard linear equations are recovered in the limit ¢ — 1.
Interestingly, these equations present a common, solitonlike, traveling solution, which is written in terms
of the g-exponential function that naturally emerges within ponextensive statistical mechanics, In all
See also: cases. the well-known Einstein energy-momentum relation is preserved for arbitrary values of ¢.

R.N. Costa Filho, M.P. Almeida, G.A. Farias and J.S. Andrade, PRA 84, 050102(R) (2011)
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g — generalized Schroedinger equation

(quantum non-relativistic spinless free particle)

(I)(x,t) 2 CI)(x,t)
in SR S £
or| @ 2—q2m ON

0

(g € R)

Its exact solution is given by

—_ —

(I)(;C,l‘) = (I)O ei(; ' ;_Et)/h _® ei(k . x—a)t)

q ' g
p’ \
E =— (Newtonian relation!)
2m
with E=hw (Planck relation!) - Vg

p=rhk (de Broglie relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



g-generalized Klein-Gordon equation:

(quantum relativistic spinless free particle: e.g., mesons 1)

5 - B -~ \ 72(¢-D
10 (I)(x,t) 2.2, (I)(x,t)

¢t ot

Vzcb(},z) _ (¢ € R)

Its exact solution is given by

(I)(;c,t)=(l)o ei(? x—Et) /1 Yy ei(ié.}—w /)
q q

with
E*=p°’c*+m’c* (Vq) (Einstein relation!)

Particular case: m =0 = g-plane waves
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



g-generalized Dirac equation:
(quantum relativistic spin 1/ 2 matter and anti-matter free particles:

e.g., electron and positron)

in ’ ®§tx’t) ; ihc(&ﬁ)cp(},r) = Bmc? A (}z) cb(},t) (g € R)
with
o= [ ] B = C) Olj (4 x 4 matrices)
o
A9 (x.t)=8, o, £ y ( AV (x,1)= 5,.].) (4% 4 matrix)

where {aj} are complex constants.
F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



Its exact solution is given by

(=)
@)
1 ; \ /al A (al \
cb(} t)E P _| @ S E || i )
D, (x,t a, | 4 a, | 4
b (;C f \ %4/ \ Y44 )
“\™"))
(al\
. a2 .
with being the same Vg
a3
\44 )
hence

E*=p°c’+m’c® (geR) (Einstein relation!)

F.D. Nobre, M.A. Rego-Monteiro and C. T., Phys Rev Lett 106, 140601 (2011)



